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We study the energy and temperature relaxation of electrons in graphene on a piezoelectric sub-
strate. Scattering from the combined potential of extrinsic piezoelectric surface acoustical (PA)
phonons of the substrate and intrinsic deformation acoustical (DA) phonons of graphene is consid-
ered for a (non-)degenerate gas of Dirac fermions. It is shown that in the regime of low energies or
temperatures the PA phonons dominate the relaxation and change qualitatively its character. This
prediction is relevant for quantum metrology and electronic applications using graphene devices and
suggests an experimental setup for probing electron-phonon coupling in graphene.
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I. INTRODUCTION
Graphene1,2 is a promising material for future appli-
cations in electronic and optical technologies3,4 and for
quantum metrology5,6. For anticipated new functionali-
ties, electron-phonon scattering in graphene structures7
can play a crucial role. It can drastically affect the op-
erating performance of information processing devices
and the harvesting efficiency of photoelectrons in op-
toelectronic devices. It limits also the breakdown cur-
rent of quantum correlations in graphene. Therefore,
a rigorous understanding of the energy coupling mech-
anisms between Dirac fermions in graphene and lat-
tice vibrations is not only of fundamental interest but
also of great practical relevance. Several theoretical8–12
and experimental13–21 works have addressed this inter-
esting key problem in a broad range of temperatures
down to the sub-Kelvin regime22 with significant dis-
crepancies found both in theoretical results10,11 and
measurements16,18,21. Most of graphene devices studied
so far are deposited on a SiO2 substrate. According to
recent theoretical predictions23, disorder effects in such
structures can substantially modify the results obtained
in the clean limit9–12.
Recently graphene devices on top of a GaAs substrate
were fabricated5,24. GaAs has a much better surface
quality, its stronger hydrophilicity prevents folding of
large-scale graphene flakes while its substantially larger
dielectric constant improves the screening of substrate
defects. Such high-purity GaAs-supported graphene de-
vice structures allow high precision measurements and
can provide an alternative reliable source of information
on electron-phonon coupling in graphene.
In this paper we study the electron energy and temper-
ature relaxation in a degenerate and non-degenerate gas
of massless Dirac fermions in monolayer graphene sup-
ported by a piezoelectric substrate. We focus mainly on
the low temperature regime14,16,18,22 where surface opti-
cal phonon modes of the substrate and graphene25–27 as
well as the disorder-assisted and two-phonon scattering
mechanisms8 are not effective in carrier relaxation pro-
cesses. Recently other remote phonon scattering mecha-
nisms have been considered that are due to hybrid inter-
face modes28,29. In the low temperature regime Rayleigh-
like surface acoustical phonons30 play an important role
in carrier scattering31–35. Piezoelectric surface acous-
tic waves can be generated and manipulated electrically
and, as demonstrated recently, open new possibilities in
highly promising directions of quantum phononics36,37
and plasmonics38,39.
Here we calculate carrier relaxation through scattering
from the potential of extrinsic piezoelectric surface acous-
tical (PA) phonons of the substrate and from the poten-
tial of intrinsic deformation acoustical (DA) phonons of
graphene. We derive analytical formulae for the relax-
ation rates in the energy and temperature regions where
PA and DA phonon scattering is qualitatively different.
It is shown that the characteristic electron energy and
electron temperature relaxation times, τ˜(ε) and τ˜(Te),
are independent of the carrier density both in a Boltz-
mann gas and in the Bloch-Gru¨nison (BG) regime of
a Fermi gas. In both these regimes τ˜(ε) exhibits an
inverse linear (quadratic) dependence for the PA (DA)
phonons with the electron energy ε and the lattice tem-
perature T , respectively. Similar dependences we find
for the PA and DA phonon contributions to τ˜(Te) versus
the electron temperature Te, independently of the degree
of the degeneracy of the electron gas. Thus, this uni-
versal weakening (linear versus quadratic) of the energy
and temperature dependence of the relaxation rates for
PA versus DA phonon scattering makes the PA phonon
relaxation mechanism with small angle scattering events
dominant in the regime of low energies and temperatures.
This prediction suggests a new experimental approach for
studying electron-phonon relaxation in graphene and its
control via extrinsic piezoelectric coupling.
The paper is organized as follows. In Sec. II we rep-
resent electron-phonon interaction vertices for the PA
and DA phonons and in Sec. III discuss the electron en-
ergy relaxation in the (non)degenerate regimes of Dirac
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2fermions. Then, in Sec. IV we present our results for the
electron temperature relaxation in the Fermi and Boltz-
mann gas of Dirac fermions with a detailed comparison
of the respective relaxation rates for the PA and DA
phonons. In Sec. V we conclude with a summary of
the behavior of the PA and DA phonon relaxation rates
calculated, in typical scattering regions.
II. INTERACTION VERTICES FOR PA AND
DA PHONON SCATTERING
The graphene sheet is laid on top of the (100) surface
of GaAs, which is spanned by the x and y lattice axes. In
substrates with lack of center of symmetry such as GaAs,
the elastic displacement of surface acoustic waves induces
a piezoelectric polarization of the lattice, which leads to
an electric potential32,40 both inside and outside the crys-
tal that couples to Dirac fermions in graphene. Similar
to the previous study on conventional two-dimensional
gases40, the electron interaction vertex in graphene for
the PA phonon with a wave vector q can be written as
∣∣γPAq ∣∣2 = c2PAh¯2 (qˆxqˆy)2 vPAe−2qdp0τ¯PA . (1)
Here qˆx,y ≡ qx,y/q, 1/τ¯PA = (eβ)2p0/(2pih¯ρsv2PA) with
a nominal piezoelectric scattering time τ¯PA ≈ 8 ps,
and ρs = 5.3 g/cm
3 and eβ = 2.4 × 107 eV/cm corre-
sponding to the mass density and the single modulus of
the piezoelectric tensor of the GaAs cubic crystal, and
p0 = 2.5× 106 cm−1 a characteristic wave vector scale in
GaAs41. The numerical factor cPA ≈ 4.9 and the veloc-
ity of surface acoustical waves, vPA ≈ 2.7× 103 m/s, are
determined by elasticity constants of GaAs. Notice that
in contrast to the vertex of electron interaction with bulk
piezoelectric acoustical phonons, the vertex γPAq for the
surface PA phonons does not depend on the magnitude
of ~q but only on its orientation. For typical distances
d ∼ 5 A˚ between the substrate and graphene5,24, one
can approximate e−2qd ≈ 1 so that taking (qˆxqˆy)2 ≈ 1/4,
the PA vertex γPAq becomes independent of q for the
strongest interaction along the diagonal qx ≈ qy.
This contrasts the linear q dependence of the electron
interaction vertex for the intrinsic deformation potential
in graphene9–12. We write the DA vertex
∣∣γDAq ∣∣2 = h¯2qvDAp20τ¯DA (2)
introducing a nominal scattering time 1/τ¯DA =
Ξ2p20/
(
2h¯ρgrv
2
DA
)
for DA phonons. We obtain
τ¯DA ≈ 0.8 ps using the following values for graphene
parameters27,47: Ξ = 6.8 eV the coupling constant of
the deformation potential, ρgr = 7.6 × 10−7 kg m−2
the surface mass density of graphene, and vDA = 2.0 ×
104 m/s the sound velocity in graphene. The ratio∣∣γPAq ∣∣2 / ∣∣γDAq ∣∣2 ≈ 2.0 × 105 cm−1/q suggests that de-
pending on the carrier density, the energy and tempera-
ture, both the PA and DA phonons can provide impor-
tant channels for carrier relaxation in graphene.
Notice that the deformation potential interaction
strength in graphene has not a well established value
yet48. Strengths ranging from small Ξ = 3.2 eV49 to
large values Ξ = 20 eV50 have been used in the literature
to describe experiment. We take an intermediate value
of Ξ = 6.8 eV that was obtained from a first-principles
DFT approach47. We emphasize, however, that our qual-
itative conclusions on the dominance of the PA phonon
relaxation mechanism at low temperatures are not af-
fected by the choice of the value of Ξ. It determines only
the transition temperature of the PA mechanism domi-
nance, which remains measurable for even larger values
of Ξ in the sub-Kelvin relaxation regime22.
We emphasize also that the deformation potential
constant Ξ in Eq. (2) obtained in phonon scattering
experiments42,43 includes the static dielectric screening
effect of the surrounding environment of the individual
graphene sheet. Therefore, one can expect that the value
of Ξ in the GaAs supported graphene should be smaller
than that in SiO2 supported graphene by a factor of
(1 + κGaAs)/(1 + κSiO2) ≈ 2.944,45 where κSiO2 = 3.846
and κGaAs = 12.9
41 are respectively the low frequency
dielectric constant of SiO2 and GaAs. This is another
important argument justifying our choice of the actual
value for the constant Ξ = 6.8 eV. As to the environmen-
tal screening of piezoelectric interaction, the PA vertex
in Eq. (1) includes the background dielectric constant40,
which is taken into account in the calculation of the con-
stant cPA.
III. ELECTRON ENERGY-LOSS POWER
The energy-loss power of a Dirac fermion due to scat-
tering from the s = PA, DA phonon field
Qs(ελk) ≡ ελk − ε
∗
s
τ˜s(ελk)
= Qs+(ελk)−Qs−(ελk) (3)
where τ˜s(ελk) is the characteristic electron energy re-
laxation time. In the electron-phonon scattering process
only electrons with sufficient high energy can lose energy
by emitting phonons, otherwise they can only gain en-
ergy by absorbing phonons. The critical energy ε∗s in
Eq. (3) provides a reference point for the energy, above
or below which an electron gains or loses its energy.
This critical energy depends on the degeneracy regime
of the electron gas and the electron-phonon scattering
mechanism41. The functions Qs±(ελk) are defined as
Qs±(ελk) =
∑
λ′k′q
(ελk−ελ′k′)W±sqλk→λ′k′
1− fT (ελ′k′)
1− fT (ελk) (4)
with ± signs corresponding to the phonon emission (+)
and absorption (−) processes. In monolayer graphene
3the electron energy disperses linearly with its momen-
tum k, ελk = λvF k, where λ and vF are the electron chi-
rality and Dirac band velocity, respectively. The Fermi
function fT (ελk) determines the carrier distribution for
given Fermi energy, εF , and temperature, T . The elec-
tron transition probabilities are
W±sqλk→λ′k′ =
2pi
h¯
∣∣M±sqλk→λ′k′ ∣∣2(NT (ωsq) + 12 ± 12
)
(5)
× δ (ελk − ελ′k′ ∓ h¯ωsq) .
The Bose factor NT (ωsq) gives the number of sq phonon
modes with energy ωsq = vsq at the lattice temperature
T . Using the wave functions of Dirac fermions, ψ(R) =(
e−iθk , λ
)T
e−ik·R/
√
2A, where θk is the polar angle of
the vector k and A the normalization area, we can write∣∣M±sqλk→λ′k′ ∣∣2 = δk′,k∓qA ∣∣γsq ∣∣2 Fλ′λ(θkk′) . (6)
Here, θkk′ = θk′ − θk and the form factor Fλ′λ(θkk′) =
(1 + λλ′ cos θkk′) /2 represents an overlap of the spinors.
A. Energy relaxation in a Fermi gas of Dirac
fermions
In doped graphene samples scattering from acoustical
phonons in a Fermi gas of Dirac fermions is always kine-
matically quasielastic, |ε − εF |, T  εF , and only intra-
chirality subband electronic transitions contribute to the
energy relaxation. Taking λ = λ′ = 1, we can represent
the energy-loss power due to extrinsic PA and intrinsic
DA phonons as
Qs(εk) =
asc
2
s
pi
h¯vsk
τ¯s
(
k
p0
)1+m
G1+m(as, x) . (7)
Here we introduce the function Gm(as, x) = G+m(as, x)−
G−m(as, x) with
G±m(as, x) =
∫ zs±
0
dzzmη±(as, z)ψ±(x, y) (8)
and z = q/2k and zs± = 1/(1±as). In Eq. (7) we take for
the PA phonons m = 0 and as = aPA = vPA/vF , cs =
cPA = 4.9 and for the DA phonons m = 1, as = aDA =
vDA/vF , cs = cDA = 2
√
2. For brevity, we omit the chi-
rality indices and introduce also the functions ψ±(x, y) =
(N(y) + 1/2 ± 1/2)(1 − f(x ∓ y))/(1 − f(x)) where
x = (εk−εF )/T and y = h¯ωsq/T = z(k/kF )(T sBG/T ) and
the characteristic Bloch-Gru¨neisen (BG) temperature is
T sBG = 2h¯vskF . For the PA and DA phonons, respec-
tively, T sBG ≈ 7.3
√
n K and ≈ 54√n K (here the electron
density n is taken in units of 1012 cm−2). The functions
η±(as, z) =
√
1− (as ± (1− a2s)z)2/(1−a2s) describe the
overlapping of the spinor wave functions. Because the
Fermi velocity in graphene vF ≈ 1.0 × 106 m/s is much
larger than the sound velocity in GaAs and in graphene,
in our analytical calculations we use the approximation
η(as, z) ≈ η(0, z) =
√
1− z2 and zs± ≈ 1.
In the low T regime, T  T sBG, if the energy of a test
electron is small, ε−εF  T sBG, electronic transitions are
dominated by small angle scattering events. The typical
phonon momenta, q  kF , correspond to the z → 0 limit
and one can take the integration over z in Eq. (8) up to in-
finity. Replacing also 1−z2 by 1 and taking into account
that z ≈ y (T/T sBG), we have Gn(x) ≈ (T/T sBG)n+1Fn(x)
where we define Fn(x) = F+n (x)−F−n (x) with the func-
tions F±n (x) =
∫∞
0
dyynψ±(x, y). Hence, the relaxation
time in the low T regime is given as
Qs(εk) =
asc
2
s
pi
(
εF
ε0
)1+m(
T
T sBG
)1+m
εk − εF
τ¯s
F1+m(x)
x
.(9)
Here the energy scale ε0 = h¯vF p0 ≈ 1924 K.
For thermal electrons, |εk − εF | <∼ T , small angle
nonelastic scattering events with typical phonon mo-
menta q ∼ T/vs  h¯kF and energies ωsq ∼ T dom-
inate the relaxation. The functions F1(x) ≈ 2 log(2)x
and F2(x) ≈ (pi2/3)x are linear in x for x 1 hence the
energy-loss power Qs(εk) exhibits a linear and quadratic
T dependence, respectively, for the PA and DA phonons.
In this regime for both mechanisms the energy relaxation
time τ˜s(ε) does not depend on the carrier energy and
density. The ratio QPA/QDA ≈ 9.7/T [K] so that at low
temperatures the PA phonon contribution to the electron
energy relaxation rate dominates.
In the regime of hot electrons, T  |εk − εF |, elec-
tronic transitions are dominated with spontaneous emis-
sion of phonons. We have Fn(|x|) ≈ |x|n+1/(1 + n)
for |x|  1 so that the energy-loss power Qs(εk) ∝
(εk − εF )2+m is independent of T . The comparison gives
QPA(εk)/Q
DA(εk) ≈ 34.4/|ελk − εF |[K] so that at low
energies the extrinsic PA phonons dominate the energy
relaxation also in this subregime.
B. Energy relaxation in a Boltzmann gas of Dirac
fermions
In almost neutral graphene samples the Pauli princi-
ple does not play an important role and we have a Boltz-
mann gas of Dirac fermions, (εF  T ). We represent the
energy-loss power as
Qs(εk) =
a2sc
2
s
pi
(
εk
ε0
)1+m
εk
τ¯s
B1+m(as, T ) (10)
where the function Bm(as, T ) = Bspntm (as, T ) +
Bindm (as, T ) is introduced. The first term, Bspnt1+m(as, T ) =∫ zs+
0
dzz1+mη+(as, z) = bs with bPA = 1/3 and bDA =
pi/16, is related to the spontaneous phonon emission
in the absence of any phonons in the crystal. The
other term, Bind1+m(as, T ) = I+1+m(as, T ) − I−1+m(as, T ),
is related to the energy gain by an electron due to
the induced equilibrium phonons. Here I±1+m(as, T ) =
4∫ zs±
0
dzz1+mη±(as, z)NT (y) and y = 2asz(εk/T ). In
graphene as  1 and electron-phonon scattering is
quasielastic in a Boltzmann gas. Hence, processes with
y  1 and a large number of induced phonons, N(y) ≈
1/y, dominate the energy relaxation. To leading order
in vs/vF , we obtain Bind1+m(aDA, T ) ≈ −dsT/εk with
dPA = 1 and dDA = pi/4, respectively, for m = 0 and
m = 1. Then, the total energy-loss power is
Qs(εk) =
a2sbsc
2
s
pi
(
εk
ε0
)1+m
εk − ε∗s
τ¯s
. (11)
We find that the critical energy ε∗s, at which the electron
energy-loss power changes its sign in a Boltzmann gas,
differs for the PA and DA mechanisms, i.e. ε∗PA = 3T
and ε∗DA = 4T in graphene supported by a piezoelec-
tric substrate. Therefore, an electron with higher en-
ergies εk close to ε
∗
DA = 4T loses its energy mainly
due to scattering from the PA phonons while the DA
phonons play a secondary role. At lower energies εk
close to ε∗PA = 3T , the electron gains energy from the
DA phonons and the relaxation channel due to the PA
phonons is suppressed (cf. Fig. 1). Additionally, the PA
and DA relaxation channels can be identified, respec-
tively, through the inverse linear and quadratic energy
dependence of the energy relaxation time, τ˜PA(εk) ∝ ε−1k
and τ˜DA(εk) ∝ ε−2k (cf. the inset in Fig. 1). We obtain
the ratio τ˜PA(εk)/τ˜
DA(εk) ≈ εk/17.9 K and at low en-
ergies the energy relaxation through the PA phonons is
a faster process in nearly neutral graphene.
IV. ELECTRON TEMPERATURE
RELAXATION
When a gas of Dirac fermions is driven out of ther-
modynamic equilibrium under the influence of external
forces, ultrafast carrier collision processes set the elec-
tronic equilibrium on a time-scale of 30 fs51–54. The es-
tablished distribution, fTe(ελk), is described by the well-
defined carrier temperature, Te > T , the same for the
electron and hole gases. The number of thermally ex-
cited electrons or holes is
ne,h(Te) =
g
2piv2F
F1 (±µ¯(Te))T 2e (12)
with g = 4 the spin and valley degeneracy and the
Fermi integrals Fn(µ¯) =
∫∞
0
dxxn (exp(x− µ¯) + 1)−1
where µ¯ = µ(Te)/Te. The chemical potential, µ(Te),
is determined from the conservation of particles, n =
ne(Te)−nh(Te), where n is the electron density at Te = 0.
The electron temperature relaxation in a gas of Dirac
fermions is described by the cooling power per electron
Q¯s(Te, T ) = Q¯
s
+(Te, T )− Q¯s−(Te, T ) (13)
where
Q¯s± =
g
ne(Te)A
q∑
kk′
h¯ωsqW
±sq
k→k′fTe(εk)(1− fTe(εk′)) .(14)
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FIG. 1. Electron energy-loss power in neutral graphene at
T = 10 K. Inset plots the characteristic PA and DA energy
relaxation times and shows the suppression of the DA relax-
ation at low energies in comparison with that through PA
phonons. The dashed, dotted, and solid curves correspond,
respectively, to the PA, DA, and PA+DA combined relaxation
mechanisms.
The characteristic electron temperature relaxation time,
τ˜s(Te), can be expressed in terms of the cooling power
from the balance equation
τ˜s(Te, T ) =
ε¯(Te)− ε¯(T )
Q¯s(Te, T )
. (15)
Here we define the average electron energy in graphene
as ε¯(Te) = TeF2 (µ¯(Te)) /F1 (µ¯(Te)).
A. Electron temperature relaxation in a
Boltzmann gas of Dirac fermions
In a Boltzmann gas of Dirac fermions (εF 
Te), the chemical potential is approximated by
µ(Te) ≈ ε2F /4 ln 2Te and we find ε¯(Te) − ε¯(T ) =
18ζ(3)/pi2 (Te − T ). A direct calculation shows that in
the limit of Te  T , the cooling power is
Q¯s(Te) = Bs
(
Te
ε0
)1+m
Te
τ¯s
(16)
where Bs =
(
a2sbsc
2
s/pi
)
F3+m (µ¯) /F1 (µ¯) with
F3+m (µ¯) /F1 (µ¯) ≈ 270ζ(5)/pi2 and 7pi2/10, respec-
tively for the DA and PA phonons. Then, for the
characteristic electron temperature relaxation time, we
have
τ˜s(Te) = B˜s
(
ε0
Te
)1+m
τ¯s (17)
5TABLE I. The energy, temperature, and density dependence of the electron energy and temperature relaxation rates.
Qs(εk), τ˜
s(εk) Q¯
s(Te, T ), τ˜
s(Te) (T  Te)
Fermi gasa (T  T sBG) Boltzmann gas (εF  T ) Fermi gas (Te  T sBG) Boltzmann gas (εF  Te)
s=PA (εk − εF )T, T−1 εk(εk − 3T ), ε−1k n−1/2T 3e , T−1e T 2e , T−1e
s=DA (εk − εF )T 2; T−2 ε2k(εk − 4T ); ε−2k n−1/2T 4e , T−2e T 3e , T−2e
τ˜PA/τ˜DA T [K]/9.7 εk[K]/17.9 Te[K]/8.9 Te[K]/4.3
a Here results are given for the thermal regime, |ε− εF | <∼ T . For hot electrons, T  |ε− εF |, one should replace T by |ε− εF | in these
formulas and take τ˜PA/τ˜DA ≈ |ε− εF |[K]/34.4.
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FIG. 2. Suppression of the DA phonon relaxation at low tem-
peratures in comparison with that through the PA phonons.
The dotted, dashed, and solid curves plot the characteristic
electron temperature relaxation time for the DA, PA, and
PA+DA combined relaxation mechanisms as a function of Te
in a Fermi gas with density n = 5 × 1013 cm−2. The inset
shows the respective curves for the cooling power Q¯(Te).
where B˜s = F2 (µ¯) /BsF1 (µ¯) with F2 (µ¯) /F1 (µ¯) ≈
18ζ(3)/pi2. The comparison of the respective relaxation
rates shows that the PA phonons dominate at Te < 4.3
K. In graphene, even at low Te, quasi-elastic scatter-
ing events with the typical phonon energy asTe (aPA 
aDA  1) dominate the relaxation in the Boltzmann gas.
Therefore, the PA phonon relaxation is a slow process at
such low temperatures.
B. Electron temperature relaxation in a Fermi gas
of Dirac fermions
This contrasts the much faster relaxation through the
PA phonons, we find in a Fermi gas of Dirac fermions
(Te  εF ). Here the chemical potential is approximated
as µ(Te) ≈ εF − pi2T 2e /6εF and we have ε¯(Te) − ε¯(T ) =
(pi2/3)(T 2e − T 2)/εF . In the low temperature BG regime
(Te  T sBG) the relaxation is dominated by dynamically
nonelastic small angle scattering events with the typical
phonon energy Te, and for the cooling power in the limit
of Te  T , we find
Q¯s(Te) = As
(
εF
ε0
)1+m(
Te
T sBG
)2+m
Te
τ¯s
(18)
where As = 2a
2
sc
2
s(2 +m)!ζ(3 +m)/pi. Then, the charac-
teristic temperature relaxation time is
τ˜s(Te) = A˜s
(
ε0
εF
)1+m(
T sBG
Te
)1+m
τ¯s (19)
with A˜s = 2pi
2as/3As. It is seen that in this regime
the cooling power shows the same carrier density depen-
dence, Q¯s(Te) ∝ 1/
√
n, for the PA and DA phonons but
the temperature dependence is different, Q¯PA(Te) ∝ T 3e
and Q¯DA(Te) ∝ T 4e . The crossover from the DA to the
PA phonon dominated temperature relaxation of Dirac
fermions occurs at Te ≈ 8.9 K with the characteristic
nanosecond relaxation time, fully assessable in experi-
ment. In Fig. 2 our numerical calculations from Eqs.
(14), (15) without further approximations confirm this
analytical prediction of the DA phonon suppression in a
Fermi gas of Dirac fermions at low temperatures.
V. SCREENING EFFECTS
In this section we discuss the effect of screening by
carriers on the PA and DA phonon scattering and on the
results obtained in previous sections of the dominance
of the PA phonon relaxation mechanism. We take into
account the screening effect within the random phase
approximation55,56, which implies the following substi-
tution for the matrix elements
M±sqλk→λ′k′ → M˜±sqλk→λ′k′ =
M±sqλk→λ′k′
εscr(q, ω)
. (20)
The screening function is defined as εscr(q, ω) = 1 +
VqΠ(q, ω) where Vq = 2pie
2/(κeffq) is the Fourier trans-
form of the bare Coulomb interaction potential in two-
dimensions with the graphene effective dielectric con-
stant κeff = (1 + κGaAs)/2
44,45 and Π(q, ω) is the finite
6temperature polarization function of Dirac fermions in
graphene. In a Fermi gas of Dirac fermions, εF  T ,
the dynamically nonelastic small angle scattering events
with q ∼ T/vs and ωsq ∼ T dominate the electron re-
laxation and we have vF q/2T  ω/2T ∼ 1. Therefore,
in this regime for the polarization function we can use
the approximation given by Eq. (43) in the domain IV
from Ref. 56 and take Π(q, ω) ≈ q/4vF . Then, the static
screening in this regime becomes independent of the
phonon wave vector and in GaAs supported graphene,
we find εscr ≈ 1.5. Thus, the screening at low tempera-
tures, T, Te  T sBG, in a Fermi gas does not change the
temperature dependence of the relaxation43 and affects
similarly both the PA and DA electron-phonon interac-
tion strengths, reducing them approximately by a factor
of 0.67.
In a Boltzmann gas quasi-elastic scattering events with
the much smaller typical phonon energy, ωsq ∼ asT  T ,
dominate the electron relaxation. For the polarization
function this corresponds to the border between the do-
mains III and IV in Eq. 43 of Ref. 56 and needs more care-
ful consideration. From general considerations, however,
one can expect that the effect of screening again should
be almost similar for the PA and DA scattering mech-
anisms. This is because in contrast to the electron in-
teraction with bulk piezoelectric acoustical phonons, the
PA interaction vertex for piezoelectric surface phonons in
Eq. 1 has no singularity in the long wavelength limit40,
which would be smeared by screening thereby decreasing
strongly the PA electron phonon coupling.
Thus, we conclude that the results obtained in the pre-
vious sections on the regimes, where the PA phonon re-
laxation mechanism dominates the DA mechanism in the
absence of screening, remain true after including the ef-
fect of screening.
VI. SUMMARY
The energy and temperature dependence of the cal-
culated relaxation rates in the different characteristic
regimes are summarized in Table I as being the main
results of our paper. In the Boltzmann gas the tem-
perature dependence of the cooling power per electron,
Q¯s(Te) ∝ T 2+me , and of the average electron energy,
ε¯s(Te) ∝ Te, are weaker than in the Fermi gas, Q¯s(Te) ∝
T 3+me and ε¯
s(Te) ∝ T 2e . We find that the behavior
of the characteristic relaxation time τ˜s(Te) versus Te
is independent of the degree of degeneracy of the elec-
tron gas. However, its temperature dependence is differ-
ent for the PA and DA phonons, i.e. τ˜DA(Te) ∝ T−2e
and τ˜PA(Te) ∝ T−1e . Therefore, at low temperatures
the extrinsic PA phonons always provide a faster cool-
ing channel for Dirac fermions. Our calculations show
also that the PA mechanism for electron energy and
temperature relaxation changes qualitatively the relax-
ation character both in a (non-)degenerate gas of Dirac
fermions. These predictions emphasize the effect of the
substrate on the relaxation properties of Dirac fermions
at low temperatures and create an interesting possibility
to study graphene by probing piezoelectric surface acous-
tical phonons.
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